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Calibration of Measurement Delay in Global Positioning
System/Strapdown Inertial Navigation System
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The effect of a constant transmission delay that occurs in delivering measurements from a global positioning
system receiver to a Kalman � lter for an aided strapdown inertial navigation is analyzed. Steady-state conditions
under the measurement delay are derived based on measurement residual observation. A new error model for
circular trajectories is derived to show that the currently computed navigation variables converge not to the
current true variables but to the neighborhood of the past true variables at the instant the delayed measurements
were actually sampled. Based on the steady-state conditions and the new error model, causes and effects of an
erroneously large estimation error of forward accelerometer bias are presented. To eliminate the undesirable delay
effects given any combination of a global positioning system receiver and a strapdown inertial measurement unit,
a simple delay calibration algorithm is proposed. The proposed algorithm is based on the characteristics that the
heading error is biased by a controlled vehicle maneuver and advantageouslyrequires no modi� cation in onboard
hardware.

Nomenclature
C = transformationmatrix from b frame to n frame,

2

4
cos µ ¡sin µ 0

sinµ cos µ 0

0 0 1

3

5

f = speci� c force vector expressed in n frame
g = magnitude of vertical gravity
g = gravity vector, [0 0 g]T

npos = global positioning system (GPS) position
measurement noise vector

nvel = GPS velocity measurement noise vector
q = quaternion representing a rotation from b frame

to n frame, [q0 q1 q2 q3]T

r = local position vector from starting
point, [rN rE rD]T

rGPS = GPS position solution vector
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v = Earth referenced velocity vector expressed
in n frame, [vN vE vD]T

vGPS = GPS velocity solution vector
vm = speed
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zpos = indirect GPS position measurement vector
zvel = indirect GPS velocity measurement vector
1 = measurement delay
" = gyro drift vector, ["x "y "z]T

´z = accumulated heading error correction
µ = heading angle
» = equivalent tilt angle expressed in b frame,

[»x »y »z]T

½ = transport rate vector (angular rate vector of n frame
with respect to e frame expressed in n frame)

Ã = equivalent tilt angle expressed in c frame,
[ÃN ÃE ÃD ]T

X = Earth rate vector expressed in n frame, [ÄN 0 ÄD]T

!k
i j = angular rate vector of j frame with respect to i frame

expressed in k frame
[!k

i j£] = skew symmetric matrix that is constructed by !k
i j

!m = heading angular rate
0 = zero vector or zero matrix of appropriate dimension
r = accelerometer bias vector, [rx ry rz]T

Superscripts and Subscripts

b = true (virtual) body frame
b0 = computed (virtual) body frame
c = computed navigation frame
e = Earth frame
i = inertial frame
n = true navigation frame
T = transpose

Special Symbols

k²k = norm
j²j = absolute value
´ = de� nition
:D = replacement
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I. Introduction

T HE bene� ts of combining a global positioning system (GPS)
receiver and a strapdown inertial measurement unit (IMU) are

well known. In this hybrid con� guration, the GPS receiver can pro-
vide various combinations of position-typeand velocity-typemea-
surements. As a result, the long-term stability of the strapdown
inertial navigation system (SDINS) can be ensured by the GPS
measurements, and the short-termfaults of the GPS receiver can be
effectively isolated by the SDINS. In spite of these bene� ts, there
are practicaldif� culties in implementingthe GPS/SDINS integrated
navigation system. The fundamental problem is the dif� culty in us-
ing the GPS measurements and the SDINS navigationvariables in a
perfectly time-synchronizedmanner. Among the various determin-
istic and stochastic components of the time-synchronizationerror,
the most dominant term is the constantmeasurementdelay that orig-
inates from the different processing priorities and communication
cycles of the GPS receiver and the IMU. In this case, the GPS mea-
surements are more likely to be delayed than the IMU data. For this
reason, the time-synchronization error may also be referred to as
the measurement delay.

The effects of the time-synchronization error on SDINS were
� rst introduced by Bar-Itzhack and Vitek.1 It was reported that an
erroneousaccelerometerbias may result if the time synchronization
between the SDINS and the aiding sensor is not achieved. By for-
mulation, it was shown that the false forwardaccelerometerbias and
the delayed velocity measurement share the same mode of excita-
tion. A covarianceanalysis was performed where the Kalman � lter
without measurement delay was used as a design model, and the
Kalman � lter with measurement delay was used as a truth model.
By the covarianceanalysisresult and additionalvalidationby repro-
cessing the raw data, the measurement delay that was not modeled
as an error state of the design model Kalman � lter was shown to be
the sourceof the large estimationerror of the forward accelerometer
bias.

Nowadays, time synchronization is one of the most important
factors in designing various GPS/SDINS hybrid navigation sys-
tems. Several methods of achievingGPS/SDINS time synchroniza-
tion were proposed such as provision of accurate pulse-per-second
signal into IMU hardware or utilization of the IMU time tagging
by both hardware and software.2 Whatever method is applied, the
time-synchronizationerror would exist, no matter how small it is,
and nothing is reported in the literature regardinghow accurate time
synchronizationshould be to meet each speci� c navigational accu-
racy requirement. In addition, because more and more off-the-shelf
IMUs andGPS receiversare available,a cheapand simplemethodof
achieving time synchronization is desirable. We propose a method
to compensate time discrepancies between GPS and SDINS mea-
surements. The compensation is achieved by � rst identifying the
measurement delay of GPS and then by modifying the input to
GPS/SDINS Kalman � lter.

This paper is organized as follows. In Sec. II, preliminary as-
sumptions, a trajectory model, and a simpli� ed error model will
be explained. Based on the observation of the onboard measure-
ment residual dynamics under the GPS measurement delay, useful
steady-state conditions are derived. In Sec. III, a new error model,
which is the key result of this study, is derived.The new error model
provides an insight that all of the currently computed navigation
variables on the circular trajectories converge not to current true
variables but to the neighborhood of the past true variables at the
instant the delayed GPS measurements were actually sampled. In
Sec. IV, an analysis is performed on the causes and effects of an er-
roneously large estimation error of the forward accelerometer bias,
which is one of the most representativephenomena in the presence
of the measurementdelay. It will be shown that a biased heading er-
ror, togetherwith an abrupt change of the steady-stateconditions, is
the key element that stimulates a large false forward accelerometer
bias during S turns. In Sec. V, a simple delay calibration algorithm
based on a controlled vehicle maneuver is proposed. The proposed
algorithm enables identi� cation and removal of the constant mea-
surement delay for any GPS and IMU integration. Simulation and
experimental results are presented to show the performance of the
proposed algorithm. In Sec. VI, conclusionsare given.

II. Error with Respect to Current Time
A. Assumptions and Trajectory

For brevity of derivationsand identi� cation of major characteris-
tics, we will use the followingassumptions throughoutthe analysis.

Assumption 1: A measurement delay 1 is assumed constant,
and both the position and velocity errors due to 1 can be expanded
to only a quadratic in 1 with a negligible error.

Assumption2: A velocityv ofa vehicleis assumedsmallenough
so that the resulting transport rate ½ is negligible as compared with
the Earth rate X :

k½k ¿ k X k (1)

Assumption 3: A local position r from a starting point is as-
sumed small so that the cross product ½ £ r is negligible compared
with the velocity v:

k½ £ rk ¿ kvk (2)

Assumption 4: A constant angular rate !m of a circular trajec-
tory satis� es

j!m j À k2 X k (3)

Assumption5: A localgravityvectorg is assumedconstant,and
its error is assumed negligible.

Assumption 6: GPS position and velocity solutions caused by
error sources other than the measurement delay 1 are not biased at
each epoch.

Assumption 7: The inertial sensor errors contain only constant
bias terms.

Assumption 8: Products of errors are negligible.
The constant measurement delay that is considered in this study

originates from different processing and communication cycles of
GPS measurements and IMU data. Thus, it does not change sig-
ni� cantly once each subsystem is turned on. Assumptions 2 and 3
mean that the vehicle of interest moves only within a local area of
the Earth with a moderate speed. This condition is met by various
low-speed air vehicles and land vehicles. Assumption 6 means that
both the position and velocity solutionsprovided by a GPS receiver
are not biased if no delay exists.

Throughout this paper, we consider only the following circular
trajectory model that may constitute the segments of a representa-
tive in-� ight alignment. A straight � ight trajectory with a constant
velocity can be represented by setting !m D 0. Various types of tra-
jectories can also be approximated by successive combinations of
circular trajectory segments. The circular trajectory model is

Pµ .t/ D !m (4)

C D

2

4
cos µ.t/ ¡sin µ.t/ 0

sin µ.t/ cos µ.t/ 0

0 0 1

3

5 (5)

v.t/ D [vm cos µ.t/ vm sin µ.t/ 0]T (6)

Pv.t/ D [¡vm!m sin µ.t/ vm!m cosµ .t/ 0]T (7)

f D f0 vm .!m C 2ÄD/ ¡[g ¡ 2vmÄN sin µ.t/]gT (8)

!b
nb D [0 0 !m ]T (9)

!b
i b D !b

ie C !b
nb D [ÄN cos µ.t/ ÄN sin µ.t/ ÄD C !m ]T

(10)

In Eqs. (4–10), !m , vm , and !b
nb are constantvariables.Note that the

effects of the transport rate ½ in Eqs. (8) and (10) are neglected by
virtue of Assumption 2. As shown in Eqs. (5–8) and (10), the time
arguments are selectively used if necessary.

B. Error Model with Respect to Current Time
By the assumptions explained in the preceding section, the basic

SDINS navigation equations for the position r, the velocity v, the
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quaternion q, and the coordinate transformation matrix C can be
simply written as3

Pr D v (11)

Pv D Cf ¡ 2X £ v C g (12)

Pq D 1
2
U!b

i b ¡ 1
2
Y !n

in (13)

C D Cn
b D Y T U (14)

Note that Assumption 3 is used in Eq. (11) and that Eq. (12) is a
result of Assumption 2. The b frame appearing in the preceding
mechanization equations represents the virtual body frame whose
x axis points horizontally forward (along track), y axis points hor-
izontally to the right (cross track), and z axis is in the direction of
the local vertical. The b frame can also be obtained by eliminating
both the roll and pitch angles of the physical body frame. For the
implementationof Eqs. (11–14), we actually perform the following
computations using the estimated and measured variables:

POr D Ov (15)

POv D OC Nf ¡ 2 OX £ Ov C Og (16)

POq D 1
2

OU N!b
i b ¡ 1

2
OY O!n

in (17)

OC D OY T OU (18)

where the carets denote an estimated variable and the overbar de-
notes a measured variable. In expressing inertial navigation system
errors, either the n frame or the c frame3¡6 can be used as a refer-
ence frame. As compared with the n frame that represents a locally
level frame whose origin is located at the true position of a vehicle,
the c frame represents the locally level frame that corresponds to
the estimated position of the vehicle. The difference between the
n frame and the c frame originates from the position error of the
vehicle. This paper deals with the cases where the position error
can be bounded by GPS position solutions. Though GPS position
solutions are affected by a time-synchronizationerror, because the
resultant position error is negligibly small compared to the local
radii of curvature of the Earth, there is no signi� cant difference be-
tween the n frame and the c frame. When the c frame is used as the
reference frame, the error variables with respect to a current time t
are de� ned as

±r.t/ ´ Or.t/ ¡ r.t/ (19)

±v.t/ ´ Ov.t/ ¡ v.t/ (20)

±q.t/ ´ Oq.t/ ¡ q.t/ (21)

Ã.t/ ´ ¡2 OY .t/T ±q.t/ (22)

r.t/ ´ Nf .t/ ¡ f .t/ (23)

".t/ ´ N!b
i b.t/ ¡ !b

ib.t/ (24)

where the 3 £ 1 vector Ã.t/ indicates an attitude error expressed
in the c frame.3 If we follow the procedure similar to Ref. 3 using
Eqs. (11–24), the following simpli� ed error model can be derived:

± Pr D ±v (25)

± Pv D ¡2 X £ ±v C .Cf/ £ Ã C Cr (26)

PÃ D ¡!n
in £ Ã ¡ C" (27)

Pr D 0 (28)

P" D 0 (29)

In Eqs. (28) and (29), Assumption7 is employed.To expressSDINS
attitude error, we can use an equivalent tilt angle » with respect to
the b frame instead of the equivalent tilt angle Ã with respect to

the c frame.3 Thus, Eqs. (22), (26), and (27) are equivalent to the
following error equations, respectively:

».t/ ´ ¡2 OU .t/T ±q.t/ D C.t/T Ã.t/ (30)

±Pv D ¡2 X £ ±v C C. f £ »/ C Cr (31)

P» D ¡!b
ib £ » ¡ " (32)

The physical meaning of » can be expressed as

Cb0.t/
b.t/ D I C [».t/£] (33)

where b.t/ frame indicates the true body frame at t , b0.t/ frame
indicates the computed body frame at t , and [».t/£] indicates the
3 £ 3 skew symmetric matrix that is constructed by ».t/.

C. Steady-State Conditions
To bound the Kalman � lter error states, either position-typeGPS

measurements or velocity-type GPS measurements can be used.
Indirect measurement equations by delayed GPS data are modeled
as follows1:

zvel.t/ D Ov.t/ ¡ vGPS.t/ D Ov.t/ ¡ [v.t ¡ 1/ C nvel.t ¡ 1/] (34)

zpos.t/ D Or.t/ ¡ rGPS.t/ D Or.t/ ¡ br.t ¡ 1/ C npos.t ¡ 1/c (35)

By Assumptions 1 and 3, r.t ¡ 1/ and v.t ¡ 1/ on a circular tra-
jectory are expressed as follows:

v.t ¡ 1/ D v.t/ ¡ Pv.t/1 C 1
2
Rv.t/12 (36)

r.t ¡ 1/ D r.t/ ¡ v.t/1 C 1
2
Pv.t/12 (37)

Combining Eqs. (34–37), we obtain

zvel.t/ D ±v.t/ C Pv.t/1 ¡ 1
2
Rv.t/12 ¡ nvel.t ¡ 1/ (38)

zpos.t/ D ±r C v1 ¡ 1
2
Pv12 ¡ npos.t ¡ 1/ (39)

The Kalman � lter drives the expectationsof the measurementresid-
uals to zero by achieving internal steady-state conditions. Thus,
as the Kalman � lter approaches a steady state, the following are
observed:

2
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POzpos D Ozvel (41)

Ozvel ´ E[zvel]; Ozpos ´ Ebzposc (42)

If suf� cient time has passed after the velocity-aided Kalman � lter
entered into the steady state, we can establish the following steady
state conditions according to Eqs. (38–42):

±v D ¡Pv1 C 1
2
Rv12 (43)

±Pv D ¡Rv1 C 1
2
RvP12 (44)

If we use a position-aided Kalman � lter, the following condition
should hold according to Eqs. (39) and (40),

±r D ¡v1 C 1
2
Pv12 (45)

When Eqs. (31), (43), and (44) are combined, the following rela-
tionship is established with respect to the b frame:

f £ » C r D ¡C T fRv C 2. X £ Pv/g1 C C T
©

1
2
RvP C . X £ Rv/

ª
12

(46)
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By Eqs. (5–7), the following conditions also hold on a circular
trajectory segment:

C T Rv D

2

4
¡vm!2

m

0

0

3

5 ; C T RvP D

2

4
0

¡vm !3
m

0

3

5 (47)

C T . X £ Pv/ D

2

4
¡vm!mÄD

0

vm !m ÄN cosµ .t/

3

5

CT . X £ Rv/ D

2

4
0

¡vm !2
m ÄD

¡vm !2
m ÄN sin µ.t/

3

5 (48)

Substituting Eqs. (8), (47), and (48) into Eq. (46), we obtain the
following steady-state conditions under a constant measurement
delay 1:

rx C [g ¡ 2vm ÄN sin µ.t/]»y C vm !m »z D vm!2
m1 C 2vm !m ÄD1

(49)

ry ¡ [g ¡ 2vm ÄN sin µ.t/]»x D ¡vm!3
m12

¯
2 ¡ vm !2

m ÄD12

(50)

rz ¡ vm !m »x D ¡2vm!mÄN 1 cos µ.t/ ¡ vm!2
mÄN 12 sin µ.t/

(51)

The right sides of the preceding equations are the driving terms
caused by the measurement delay 1 on a circular trajectory seg-
ment. By Assumption 4, the effects of 2vm!mÄD1 in Eq. (49) and
vm !2

m ÄD12 in Eq. (50) can be neglected.

III. Error with Respect to Past Time
In this section, by presentinga new error model that is applicable

to a circular trajectory, we will show that the computed navigation
variables converge not to the true variables but to the neighborhood
of the past true variables at the instant when the delayed GPS mea-
surementswere actually sampled.For this purpose,we establish the
new error de� nitions as follows. The newly de� ned error states are
closely related to the measurement delay,

±Qv.t/ ´ Ov.t/ ¡ v.t ¡ 1/ (52)

± Qq.t/ ´ q.t/ ¡ q.t ¡ 1/ (53)

Q».t/ ´ ¡2 OU .t/T ± Qq.t ¡ 1/ (54)

Qr.t/ ´ Nf.t/ ¡ f.t/ C br (55)

br ´ C T
£

1
2
RvP C . X £ Rv/ ¡ 1

2
C Rf

¤
12

D

2

64
0

¡vm !2
m

¡
1
2 !m C ÄD

¢
12

0

3

75 (56)

Q".t/ ´ N!b
ib.t/ ¡ !b

i b.t/ (57)

In Eqs. (52–54), the time-domainargumentsfor the truevariablesare
used to clarifythe differencesfrom theconventionalerrorde� nitions
of Eqs. (20), (21), and (30), respectively. In Eq. (56), br is the
constant equivalent accelerometer bias vector that is generated by
the measurement delay 1 while traveling on a circular trajectory.
As compared with the de� nition of the accelerometer bias Qr, the
de� nition of the gyro drift Q" is unalteredbecause it will simplify the
interpretationof the new error model.

From Eqs. (20), (36), and (52), the conventional velocity error
±v.t/ and thenewly de� nedvelocityerror±Qv.t/ satisfy the following
relationship:

±Qv.t/ D ±v.t/ C Pv1 C 1
2
Rv12 (58)

Based on the de� nition of the velocity error ±Qv.t/, the onboard
measurement equation can be rewritten as

zvel.t/ D ±Qv.t/ C nvel.t ¡ 1/ (59)

If GPS/SDINS Kalman � lter does not account for the existenceof
the measurementdelay1 in zvel.t/, it detects±Qv.t/ rather than ±v.t/.
It will be shown later that the appearanceof the newly de� ned error
model of ±Qv, Q», Qr , and Q" is the same as the appearanceof the conven-
tionalerrormodel of±v, », r , and " except for small equivalentiner-
tial sensordisturbances.Thus, the GPS/SDINS Kalman � lter, ignor-
ing themeasurementdelay1, actuallytendsto estimate±Qv, Q», Qr , and
Q" rather than ±v, », r , and ".

By Eqs. (21) and (53), the newly de� ned quaternion error ± Qq.t/
and the conventional quaternion error ±q.t/ satisfy the following
relationship:

± Qq.t/ D [Oq.t/ ¡ q.t/] C [q.t/ ¡ q.t ¡ 1/]

D ±q.t/ C Pq.t/1 C 1
2

Rq.t/12 (60)

Compared with the conventional quaternion error ±q.t/ that is re-
lated to ±v.t/, the newly de� ned quaternionerror ± Qq.t/ is related to
±Qv.t/. To derive the relationship between the conventional equiva-
lent tilt angle ».t/ and the newly de� ned equivalent tilt angle Q».t/,
several preliminaries are required. At � rst, it can be easily shown
that the quaterniondifferential equation of Eq. (13) is equivalent to
the following differential equations:

Pq.t/ D
1

2
U .t/!b

nb D
1

2
Wq.t/; W ´

2

4 0 ¡
¡
!b

nb

¢TC
C
C
C
C
C!b

nb ¡
£
!b

nb£
¤

3

5- - - - - - - - - - - - - -

(61)

where !b
nb and W are constant on the circular trajectories. Differ-

entiating Eq. (61), we obtain the following equations:

Rq.t/ D 1
2

PU .t/!b
nb D 1

2
W Pq.t/ D 1

4
WU.t/!b

nb (62)

PU .t/!b
nb D 1

2
WU.t/!b

nb (63)

By the de� nitions of U .t/ and W , the following equalities can be
easilyveri� ed accordingto the unit-normpropertyof the quaternion
q.t/ and the de� nitions of U .t/ and W :

U .t/T U .t/ D I; U .t/T WU.t/ D ¡
£
!b

nb£
¤

(64)

Multiplying U .t/T in Eq. (63) from the left and using Eq. (64), we
obtain

U .t/T PU .t/!b
nb D ¡ 1

2 !b
nb £ !b

nb D 0 (65)

According to Eq. (64), Eq. (65), the de� nitions of the conventional
equivalenttilt angle ».t/, and the newly de� ned equivalent tilt angle
Q».t/, the following relationship can be shown:

Q».t/ D ».t/ ¡ 2 OU .t/T
£
Pq.t/1 C 1

2
Rq.t/12

¤

D ».t/ ¡ 2fU .t/ C ±U .t/gT
©

1
2
U .t/!b

nb1 C 1
4

PU .t/!b
nb12

ª

D ».t/ ¡ !b
nb1 (66)

where the term ±U T U is neglected due to the normalization of the
quaternion Oq.t/, the term U .t/T PU .t/!b

nb is neglected according to
Eq. (65), and the term ±U T PU !b

nb12 is neglected by Assumption 8.
Combining Eqs. (33) and (66), we can establish a physical meaning
of the newly de� ned equivalent tilt angle Q».t/ as follows:

Cb0.t/
b.t ¡ 1/

D I C [ Q».t/£] (67)

where the b.t ¡ 1/ frame is the true virtualbody frame at the instant
that the actual measurements are acquired.
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Based on the de� nitions in Eqs. (23), (24), (55), and (57), inertial
sensor biases satisfy the following simple relationshipbecause they
are modeled as constants:

Qr.t/ D r.t/ C br (68)

Q".t/ D ".t/ (69)

From Eq. (58),

±PQv D ±Pv C Rv1 C 1
2
RvP12 (70)

From Eq. (66), we obtain

PQ» D P» (71)

and from Eqs. (28), (29), (68), and (69), it can be shown that

PQr D Pr D 0 (72)

PQ" D P" D 0 (73)

With the use of Eqs. (31), (55), (56), (58), and (66), the differen-
tial equation of the newly de� ned velocity error ±Qv is expressed as
follows:

±PQv D C. f £ »/ ¡ 2 X £
¡
±Qv ¡ Pv1 ¡ 1

2
Rv12

¢
C Cr C Rv1 C 1

2
RvP12

D C. f £ Q»/ ¡ 2 X £ ±Qv C C Qr ¡ Cbr C . X £ Rv/12 C 1
2
RvP12

C C
©
f £ !b

nb C C T Rv C 2C T . X £ Pv/
ª
1

D C. f £ Q»/ ¡ 2 X £ ±Qv C C Qr C C Pf1 C 1
2
C Rf12

C C
©
f £ !b

nb C C T Rv C 2C T . X £ Pv/ ¡ Pf
ª
1 (74)

When Eqs. (7–9) and (46–48) are combined, the followingequation
is obtained:

f £ !b
nb C C T Rv C 2C T .X £ Pv/ ¡ Pf D 0 (75)

SubstitutingEq. (70) and the de� nition of the equivalentaccelerom-
eter bias br in Eq. (55) into Eq. (69), we obtain

±PQv D ¡2 X £ ±Qv C C. f £ Q»/ C C Qr C dr (76)

dr ´ C Pf1 C
1

2
C Rf12

D

2

4
0

0

2vm!mÄN 1 cos µ.t/ C vm!2
mÄN 12 sin µ.t/

3

5 (77)

where dr indicates the equivalent accelerometerdisturbance that is
generatedby the measurementdelay1. When Eqs. (32) and (66) are
combined, the attitude error equation expressed by Q» is easily ob-
tained as follows:
PQ» D ¡!b

i b £ » ¡ "

D ¡!b
ib £ Q» ¡ " ¡

¡
!b

ib £ !b
nb

¢
1

D ¡!b
ib £ Q» ¡ "¡

£¡
!b

in C !b
nb

¢
£ !b

nb

¤
1

D ¡!b
ib £ Q» ¡ " C d" (78)

d" ´ C T
¡
!n

in £ !n
nb

¢
1

D [¡ÄN !m1 sin µ .t/ ¡ÄN !m 1 cosµ.t/ 0]T (79)

where d" indicates the equivalentgyro disturbance that is generated
by the measurement delay 1.

When Eqs. (72), (73), (76), and (78) (which together represent
an error model corresponding to the past time that lags the current
time by 1), respectively, are compared with Eqs. (28), (29), (31),
and (32) (which together represent an error model with respect to
the current time), it can be observed that the two error models are

identical except for the small equivalent inertial sensor disturbances
dr and d" in Eqs. (77) and (79). As shown in Eqs. (76) and (78), the
vertical velocity QvD , the roll error Q»x , and the pitch error Q»y can be
affected by the equivalent sensor disturbancesdr and d" . However,
the vertical velocity QvD , the roll error Q»x , and the pitch error Q»y are
the states of good observability,and dr and d" are the trigonometric
functionsof the heading angle µ . The integrationof a trigonometric
function over one cycle is zero. In addition, both dr and d" have
an attractive characteristic that they are proportional to the amount
of measurement delay. Therefore, their effects can be gradually re-
duced if we identify and compensate for the measurement delay 1.

IV. Heading and Accelerometer Bias Errors
due to Measurement Delay

In the preceding sections, we derived steady-stateconditionsdue
to a measurement delay, and a new error model corresponding to
immediate past time on a circular trajectory. When the steady-state
condition of Eq. (49) is examined, it is concluded that both the
sensitivityof the headingerror and the driving term that is generated
by the measurement delay are proportional to the magnitude of the
velocity vm .

The new error model composedof Eqs. (59), (72), (73), (76), and
(78) indicates the convergenceof the estimated navigationvariables
to the values at the immediate past time instead of the current time.
In other words, the conventional GPS/SDINS Kalman � lter does
not account for the existence of the measurement delay 1. The � l-
ter considers the GPS and the IMU measurements as if they were
received at the same time. However, in reality, the GPS measure-
ments lag the IMU measurementsby themeasurementdelay time 1.
Thus, the output of the � lter at the time t tends to converge to some
neighborhoodof the real value at the time t ¡ 1.

As reported in Ref. 1, the ignorance of the measurement delay
generatesa large estimationerror of the forwardaccelerometerbias.
A large estimation error of the forward accelerometer bias in the
calibration stage can cause large position and velocity errors in the
navigation stage if no GPS measurements are available. A more de-
tailed analysis on causes and effects of this phenomenon is possible
if we utilize the results of the preceding sections. From the analy-
sis, it can be shown that the measurement delay generates a bias in
the headingerror. The biased headingerror, in turn, instantaneously
accumulates a large error of the forward accelerometer bias.

To demonstrate and analyze the effect of the measurement delay
in the GPS/SDINS Kalman � lter, we performed a simulation rep-
resenting an in-� ight alignment. In the simulation, 12 error states
consisting of ±v, », r , and " were employed for the Kalman � lter.
The estimation errors were computed by comparing the true and
estimated navigation variables as shown in Fig. 1. The trajectory
segments used in the simulationare listed in Table 1. The trajectory
is broken into four segments. Segments 1 and 4 are straight and
level � ight segments, whereas segments 2 and 3 are circular. Thus,
they form an S-shaped trajectory.The forward speed is maintained
at 10 ¼ m/s throughoutthe trajectory segments. In the simulation, a
gyro with a drift rate of 3 deg/h and an accelerometerwith a random
bias of 500 ¹g were used.

Fig. 1 Simulation con� guration.
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Table 1 Trajectory segments used in the simulation

Segment Type Duration, s !m , deg/s

1 Straight 0–100 0
2 Circular 100–300 3.6
3 Circular 300–500 ¡3.6
4 Straight 500–600 0

Fig. 2 Histories of pitch error, heading error, and forward accelerom-
eter bias with GPS measurement delay of 0.1 s.

Figure 2 shows the time histories of the pitch, heading, and for-
ward accelerometer bias estimation errors in the presence of the
measurement delay of 0.1 s. Note that the estimation error of the
forward accelerometerbias is related to both the pitch and heading
errors as shown in Eq. (49). In Fig. 2, the dash–dotted lines indi-
cate the estimation errors. They were computed by differencing the
true and estimated navigation variables. The dotted lines indicate
1-sigma envelopes as computed by the Kalman � lter. As can be
seen in Fig. 2, the estimation error of the forward accelerometer
bias becomes largest during segment 3. As can be seen by an abrupt
decrease in the one-sigma envelop of the heading error in Fig. 2
during segment 2, the Kalman � lter interprets the abrupt increase
in the measurement residual of the forward velocity mainly due to
the heading error. As a result, it can be observed in Fig. 2 that the
heading error »z approaches a value that equals the product of the
heading angular rate and the measurement delay, namely,

»z.t/ »D !m 1 (80)

Note that !m 1 D 0:36 deg in the simulation.This result is consistent
with the heading error model developed in Eq. (66). The pitch error
»y is very small compared to the heading error »z . We can say that
the measurement delay causes a large heading error but little pitch
error, which agrees with Eq. (66). This is so because the angular
rate vector !b

nb has no roll and pitch elements as seen in Eq. (9).
During segment 3, a large estimation error in the forward ac-

celerometerbias appears due to the measurementdelay1. The large
estimation error in forward accelerometer bias is, in fact, a direct
consequenceof the biased heading error during segment 2. As seg-
ment 3 begins, the sign of the heading angular rate !m is abruptly
changed. Because of the sign reversal of the heading angular rate
!m , the steady-statecondition is changed from Eq. (81) to Eq. (82):

rx C vm !m »z D vm !2
m 1 (81)

rx ¡ vm !m »z D vm !2
m 1 (82)

Note that the heading error »z still approximately equals !m1 in
the beginningof segment 3. Thus, as segment 3 begins, the Kalman
� lter drives the estimation of the forward accelerometer bias rx .t/
based on Eq. (82) as follows:

rx .t/ »D 2vm !2
m 1 C vm!m[»z.t/ ¡ !m1] (83)

The term »z.t/ ¡ !m 1 in Eq. (83) is very small at the beginning
of segment 3. As a consequence, the forward accelerometer bias
rx .t/ instantaneously approaches the large value 2vm!2

m1 at the
beginning of segment 3. To summarize, the biased heading error
that is induced by the measurement delay 1 in the � rst circular
turn is the key contributor that generates a large estimation error of
the accelerometer bias in the remaining trajectory.A more detailed
explanation for the error characteristicsdue to circular motion may
be found in Ref. 7.

V. Calibration
A. Algorithm

In the preceding sections, the headingerror was shown to be very
sensitive to the measurement delay 1. It was also shown that, on a
circular trajectory, the heading error »z approached the product of
the heading angular rate !m and the measurement delay 1 if the
maximum magnitudeof the equivalentgyro disturbanced" was suf-
� ciently small compared with the gyro bias " as shown in Eq. (78).
As shown in Eq. (49), the steady state of the heading error is not
directlydependenton the gyro error.Thus, even in the case when the
disturbanceterm d" is not negligibly small, the heading error would
still approach!m1 if we initialize the error covariancematrix suf� -
ciently large considering the effects of the measurement delay 1 as
shown in Eq. (66) and adjust the noise strength of the roll and pitch
gyros suf� ciently large considering the effects of the measurement
delay 1 as shown in Eq. (79).

Using the sensitivity of the heading error, a simple and ef� cient
delaycalibrationalgorithmis proposed.The key ideaof theproposed
calibrationalgorithm is to apply a trajectory in a controlledmanner
as an input to a GPS/SDINS Kalman � lter. For the calibration, the
vehicle is requiredto follow a trajectoryconsistingof two segments:
a circular turn with a heading angular rate !1 beginning at t1 and a
circular turn with a heading angular rate !2 beginning at t2. Before
the beginning of the second circular turn, it is required to reset
the GPS/SDINS Kalman � lter to prevent a large accumulation of
forwardaccelerometerbias.By thecontrolledmaneuver,theamount
of heading error change during the second circular turn would be
near .!2 ¡ !1/1 if we drive the heading error near !11 during the
� rst circular turn,which is possiblebecauseall of the errorstatesof a
GPS/SDINS Kalman � lter are uniformlycompletelyobservable for
circular trajectories.8 The algorithmis summarizedby the following
equation:

O1 D Óz=j O!2 ¡ O!1j (84)

In Eq. (84), O!1 and O!2 are the estimates of !1 and !2 , respectively,
and Óz is theaccumulatedheadingerror correction(AHEC) that is an
estimation of the heading error change .!2 ¡ !1/1 during the sec-
ond circular turn. If the residual azimuth gyroscopedrift is zero and
the position � xes are noise free, the difference between the AHEC
Óz and the actual change of heading error »z.t2/ ¡ »z.t1/ would be
zero. The AHEC Óz is an element of the accumulated attitude error
correction vector Ó .t; t0/ D [ Óx Ó y Óz]T that is computed from an
output of the GPS/SDINS Kalman � lter. Note that Ó .t ; t0/ should
be reset to zero at the beginning of the second circular turn. Dur-
ing the propagationoperation in the GPS/SDINS Kalman � lter, the
propagation of Ó .t; t0/ is computed as follows:

d

dt
Ó .t; t0/ D ¡!b

ib £ Ó .t; t0/ (85)

Likewise, in parallel with the measurement update of the Kalman
� lter, Ó .t; t0/ is updated as follows:

Ó .t ; t0/ :D Ó .t; t0/ C ± O».t/ (86)
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where ± O».t/ is an attitudeerrorcorrectioncomputedby GPS/SDINS
Kalman � lter.

Once the measurement delay is identi� ed according to Eq. (84),
the GPS position and velocity measurement inputs vGPS.t/ and
rGPS.t/ should be corrected by a function of O1 as follows:

vGPS.t/ :D vGPS.t/ C POv.t/ O1 C 1
2
ROv.t/ O12 (87)

rGPS.t/ :D rGPS.t/ C Ov.t/ O1 C 1
2
POv.t/ O12 (88)

where Ov.t/, POv.t/, and ROv.t/ are the velocity and its derivatives that are
either retrieved or computed by the SDINS.

As compared with the existing methods, the calibration method
proposed requires no hardware alteration. Thus, a rapid time syn-
chronizationof any combinationof a GPS receiver and a strapdown
IMU is possible.The softwaremodi� cation is also minimal because
no expansion of the � lter dimension is necessary.

If the heading angular rate and forward velocity are maintained
constant, the calculation O1 in Eq. (84) becomes simpler. O1 is also
constant, and it need not be recalculated in each measurement up-
date afterward. Thus, the proposed algorithm can be used at the
initial stage of real-time navigation to calibrate a constant measure-
ment delay. The proposed method can also be used in an iterated
manner with respect to the same set of data to reduce an error in
calculating O1.

B. Simulation
To evaluate the proposedalgorithm, a simulation was performed.

The setting of the simulation was the same as those used in Sec. IV,
that is, a GPS was integrated with a medium to low grade SDINS.
The integrated GPS/SDINS was � own to follow an S-shaped tra-
jectory. In the simulation, the magnitude of the equivalent gyro
disturbance d" in Eq. (79) is computed as

kd"k · kÄN !m1k D k12:0123.deg/h/ £ 0:0628.rad/s/ £ 0:1.s/k

D 0:0754.deg/h/ (89)

Because the magnitude of d" is much smaller than the 3 deg/h turn-
to-turn repeatabilityerrorvarianceof the randomgyrodrift, its effect
on the � lter convergencecan be ignored.Figure3 shows the time his-
tories of pitch, heading, and forward accelerometer bias estimation
errors of the GPS/SDINS Kalman � lter. In Fig. 3, the dotted lines
indicate 1-sigma envelopes of the GPS/SDINS Kalman � lter, the
dash–dotted lines indicate the estimation errors of the � lter without
considering the measurement delay 1, and the solid lines indicate
the estimation errors after the proposed algorithm is applied. It is
observed in Fig. 3 that the dashed lines are more or less within the
dotted lines, that is, all of the heading,pitch,and forwardaccelerom-
eter bias errors are within the corresponding 1-sigma envelopes. It
can be concluded that the proposed algorithm ef� ciently identi� es
the measurement delay. The correction to the GPS/SDINS Kalman
� lter accordingto the identi� ed measurementdelay signi� cantly re-
duces its heading,pitch, and forward accelerometerbias estimation
errors. Note that the algorithm closely estimates a given 0.1 s of
measurement delay.

In addition to the preceding result, various radii and heading an-
gular rates were tested. A tendency was found that the calibration
accuracy improves as the magnitudeof vm !m increases. If the head-
ing angular rate is maximum during the controlled maneuver, the
proposedalgorithmwould suf� ciently eliminate the biased heading
error and the undesirable large jump in the accelerometer bias dur-
ing the entire trajectory. Another simulation result that compares
the proposed algorithm with the conventional Kalman � lter that is
expanded by an error state representing the measurement delay 1
may be found in Ref. 9.

C. Experiment
In addition to the simulation, an experiment was carried out to

con� rm the proposed algorithm. A GPS/SDINS system consisting
of the Sagem LP81 IMU with gyro drift of 3 deg/h and accelerom-
eter bias of 500 ¹g and the NovAtel GPSCard was mounted on
a test van, and an S-shaped trajectory was run. Because the error

Fig. 3 Performance of the proposed calibration algorithm achieved in
the simulation.

a) Con� guration of controlled maneuver

b) Pro� les of heading angular rate and forward velocity

Fig. 4 Experimental trajectory.
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sources of the IMU such as scale factor errors, misalignments, and
mass unbalances are small compared with its constant random bias
terms, Assumption 7 in Sec. II holds. All of the other assumptions
are also generally satis� ed. In the experiment, a 12-state velocity-
aided Kalman � lter is employed in an indirect feedback mode. The
time interval between each measurement update of the Kalman � l-
ter was 1 s. The trajectory con� guration is shown in Fig. 4a. The
heading angular rate and the forward velocity pro� les through the
vehicle trajectory are shown in Fig. 4b. The average heading an-
gular rate of the � rst and the second circular turns are ¡19.4 and
24.9 deg/s, respectively.The heading error variance is reset to 5 deg
at the beginning of each circular turn. The variance of the GPS ve-
locity measurements is set to 0.1 m/s. The test data are analyzed
and shown in Fig. 5. In Fig. 5, the dotted lines indicate 1-sigma val-
ues computed by the GPS/SDINS Kalman � lter, the dash–dotted
lines indicate both the AHEC and estimated accelerometer bias
without considering the GPS measurement delay, and the dashed
lines indicate both AHEC and estimated accelerometer bias when
applying the proposed algorithm. Because the difference between
the AHEC and the actual heading error is constant if we assume
no propagation noise, the history of the AHEC approximately de-
picts the tendency of the actual heading error during the second
circular turn. As shown by the dash–dotted lines, the AHEC and
the estimated forward accelerometer bias rapidly increase begin-
ning from the second circular turn. By applying the calibration
method of Eq. (84), we obtained an estimation of the measure-
ment delay of 0.314 s. The true value of the measurement delay
that was sought by the time-taggingmethod2 was near 0.295 s. The
solid lines in Fig. 5 are the results generated by the GPS/SDINS
Kalman � lter when the GPS measurementswere compensatedas in
Eq. (87). When the dashed lines and the dotted lines of the 1-sigma
values are compared, it can be concluded that the measurement
delay is effectivelycalibrated in the experiment employing the pro-
posed algorithm because the AHEC and the estimated forward ac-

Fig. 5 Performance of the proposed calibration algorithm achieved in
the experiment.

celerometer bias remain within the boundary of the variances of the
heading error and the forward accelerometer bias throughout the
trajectory.

VI. Conclusions
In this study, we analyzed the effects of a constant transmission

delay that occurs in deliveringmeasurementsfroma GPS receiverto
a Kalman � lter for an aided SDINS. Steady-state conditions under
the measurement delay are derived from the measurement residual
observation. A new error model for the circular trajectories is de-
rived,which shows that the currentlycomputednavigationvariables
on circular trajectoriesconverge not to the current true variablesbut
to the neighborhoodof the past true variables at the instant the de-
layed measurements were actually sampled. To reveal the causes
and effects of the large estimation error of the accelerometer bias,
an analysis is performed. It is shown that a biased heading error,
together with an abrupt change of the steady-state condition, is the
key element that stimulates a large estimation error of the forward
accelerometerbias during S turns. Based on the steady-statecondi-
tions and the analysis results of the new error model, a simple delay
calibration algorithm, based on the controlled vehicle maneuver, is
proposed.Both the simulation and experiment results show that the
proposed algorithm enables a simple and effective determination
of the time synchronizationof any combination of a GPS receiver
and an SDINS. The important result of the analysis that the mea-
surement delay drives the currently computed navigation variables
not to the current true variables but to the neighborhoodof the past
true variables is also veri� ed. Thus, it is recommended that the time
synchronization between a GPS receiver and an SDINS should be
achieved, at least, to the level where the product of the maximum
heading angular rate and the measurement delay is small compared
to the minimum heading error variance.
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